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Abstract
We are concerned with entropy solutions of the 2 2 relativistic Euler equations for perfect
ﬂuids in special relativity. We establish the uniqueness of Riemann solutions in the class of
entropy solutions in LN-BVloc with arbitrarily large oscillation. Our proof for solutions with
large oscillation is based on a detailed analysis of global behavior of shock curves in the phase
space and on special features of centered rarefaction waves in the physical plane for this
system. The uniqueness result does not require speciﬁc reference to any particular method for
constructing the entropy solutions. Then the uniqueness of Riemann solutions yields their
inviscid large-time stability under arbitrarily large L1-LN-BVloc perturbation of the
Riemann initial data, as long as the corresponding solutions are in LN and have local bounded
total variation that allows the linear growth in time. We also extend our approach to deal with
the uniqueness and stability of Riemann solutions containing vacuum in the class of entropy
solutions in LN with arbitrarily large oscillation.
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1. Introduction
We are concerned with the large-time behavior of entropy solutions in
LN-BVlocðR2þÞ; R2þ :¼ ½0;NÞ  R; with arbitrarily large oscillation for the 2 2
system of Euler equations in relativistic ﬂuid dynamics, whose initial data is a large
L1-LN-BVloc perturbation of Riemann initial data. More speciﬁcally, for any
entropy solution Uðt; xÞALN-BVlocðR2þÞ which represents the evolution through
the Euler equations with large initial data that is an L1-LN-BVloc perturbation of
the initial data of the Riemann solution Rðx=tÞ; the problem is whether
Uðt; xtÞ-RðxÞ in L1locðRÞ as t-N: In this paper we establish the uniqueness and
stability of Riemann solutions in the class of entropy solutions with arbitrarily large
oscillation for relativistic ﬂuid dynamics.
The Euler system of conservation laws of energy and momentum in special
relativity reads
@t ðp þ rc2Þ v
2
c2ðc2  v2Þ þ r
 
þ @x ðp þ rc2Þ v
c2  v2
 
¼ 0;
@t ðp þ rc2Þ v
c2  v2
 
þ @x ðp þ rc2Þ v
2
c2  v2 þ p
 
¼ 0;
8>><
>>:
ð1:1Þ
where r; p; and v represent the proper energy density, the pressure, and the particle
speed, and the constant c is the speed of light. The equation of state is
p ¼ pðrÞ;
where pðrÞ is a smooth function of r and satisﬁes
pð0Þ ¼ 0 ð1:2Þ
and, for r40;
pðrÞ40; p0ðrÞ40 ðhyperbolicityÞ; ð1:3Þ
and
p00ðrÞX0: ð1:4Þ
Conditions (1.3) and (1.4) imply genuine nonlinearity of system (1.1)
rp00ðrÞ þ 2p0ðrÞ þ ðpðrÞp00ðrÞ  2p0ðrÞ2Þ=c240;
when r40 and the sound speed
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p0ðrÞp is less than the light speed c:
For a perfect gas,
pðrÞ ¼ k2rg; gX1; ð1:5Þ
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where g ¼ 1 models a barotropic (or isothermal) gas and g41 a polytropic gas. Then
pðrÞ satisﬁes (1.2)–(1.4). Notice that strict hyperbolicity of the system fails at r ¼ 0
for the case p0ð0Þ ¼ 0 (i.e. g41 for (1.5)).
System (1.1) models the dynamics of plane waves in special relativistic ﬂuids (see
[28–30,32]) in a two-dimensional Minkowski space–time ðx0; x1Þ:
div T ¼ 0;
with the stress–energy tensor for the ﬂuid:
Tij ¼ ðp þ rc2Þuiu j þ pZij ; ð1:6Þ
where all indices run from 0 to 1 with x0 ¼ ct: In (1.6),
Zij ¼ Zij ¼ diagð1; 1Þ
denotes the ﬂat Minkowski metric, u the 2-velocity of the ﬂuid particle (the velocity
of the frame of isotropy of the perfect ﬂuid), and r the mass–energy density of the
ﬂuid as measured in units of mass in a reference frame moving with the ﬂuid particle.
Since the background metric is the ﬂat Minkowski metric Zij; the increment of proper
time tˆ (Minkowski arc-length) along a curve is given by the formula:
dðctˆÞ2 ¼ Zij dxi dx j;
where we use the Einstein summation convention and assume summation over
repeated up–down indices. Then the coordinate time t and the proper time tˆ have the
dimensions of time, which x0 and ctˆ have the dimensions of length. Since ui ¼
dxi=dðctˆÞ deﬁnes the dimensionless velocity of the ﬂuid, then
u0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðu1Þ2
q
:
Set v ¼ cu1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðu1Þ2
q
: Then ðr; vÞ is determined by system (1.1).
System (1.1) can be written as the following general form of conservation laws:
@tU þ @xFðUÞ ¼ 0; ð1:7Þ
by setting
U ¼ ðp þ rc2Þ v
2
c2ðc2  v2Þ þ r; ðp þ rc
2Þ v
c2  v2
 ?
and
FðUÞ ¼ ðp þ rc2Þ v
c2  v2; ðp þ rc
2Þ v
2
c2  v2 þ p
 ?
:
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For a general exposition of the theory of hyperbolic systems of conservation laws, we
refer to [16,20,25,26].
The Riemann problem for system (1.7) is a special Cauchy problem with initial
data:
U jt¼0  R0ðxÞ ¼
UL; xo0;
UR; x40;

ð1:8Þ
where UL and UR are constant states (cf. [3]).
We are concerned with the large-time behavior of solutions in LN-BVlocðR2þÞ of
the Cauchy problem for (1.1) with initial data:
U jt¼0 ¼ U0ðxÞ :¼ R0ðxÞ þ P0ðxÞ; ð1:9Þ
with P0ðxÞAL1-LN-BVlocðRÞ; which is then an L1-LN-BVloc perturbation of
the Riemann initial data. In other words, we are interested in the asymptotic stability
of the Riemann solution Rðx=tÞ; for the Riemann problem (1.7) and (1.8), in the
sense that
ess lim
t-N
Z L
L
jUðt; xtÞ  RðxÞj dx ¼ 0 for any L40: ð1:10Þ
By the framework established in Chen–Frid [5,7], for any entropy solution of (1.7)
and (1.9), Uðt; xÞALN-BVlocðR2þÞ; the asymptotic stability problem can be reduced
to the problem of the uniqueness of the Riemann solution in the class of entropy
solutions in LN-BVlocðR2þÞ; provided that the local total variation of Uðt; xÞ allows
the linear growth in time:
There exists b040 such that; for all bXb0; there is C40;
depending only on b; so that TVðU jKb;T ÞpCT for any T40;

ð1:11Þ
where
Kb;T ¼ fðt; xÞAR2þ : jxjobt; tAð0; TÞg: ð1:12Þ
We remark that the growth condition (1.11), required only for the study
of the asymptotic behavior, allows the linear growth of the space total variation in
time, which is more general than those obtained by the Glimm method, the
vanishing viscosity method, or related methods. A crucial observation about
condition (1.11) for the framework of [5,7] is that, if Uðt; xÞ satisﬁes (1.11), then
UTðt; xÞ :¼ UðTt; TxÞ also does for any T40: In particular, from the well-known
compact embedding of BV in L1; it follows that UTðt; xÞ is precompact in L1locðR2þÞ
(cf. [31]).
Our uniqueness result for entropy solutions for the 2 2 system with large
oscillation does not even require condition (1.11). Our proof for the uniqueness is
based on our new detailed analysis of global behavior of shock curves in the phase
ARTICLE IN PRESS
G.-Q. Chen, Y. Li / J. Differential Equations 202 (2004) 332–353 335
space and on special features of centered rarefaction waves in the physical plane for
system (1.1), motivated by DiPerna’s work [17]. This uniqueness result then yields
the large-time stability of the Riemann solution under arbitrarily large
L1-LN-BVloc initial perturbation, in the sense of (1.10), for any entropy solution
Uðt; xÞALN-BVlocðR2þÞ of (1.1) and (1.9), whose local space total variation allows
the linear growth in time as in condition (1.11).
We mention in passing the important results for m  m strictly hyperbolic systems
on the L1-stability of entropy solutions in LN-BV obtained either by the Glimm
scheme [19], the wave front-tracking method, and the vanishing viscosity method, or
more generally satisfying an additional regularity property, with small total variation
in x uniformly for all t40 (see [1,2,21,24]); also see [22] for a related result. In
DiPerna [17], a uniqueness theorem of Riemann solutions was established for 2 2
strictly hyperbolic systems in the class of entropy solutions in LN-BVloc with small
oscillation. The uniqueness and large-time stability results in this paper neither
impose smallness on the oscillation nor additional regularity of the solutions, as well
as do not require speciﬁc reference to any particular method for constructing the
entropy solutions. In this connection, we also recall that, for system (1.1) for
polytropic gases, there are existence results of solutions with large oscillation in
LN-BVloc via the Glimm scheme [19], especially when the adiabatic exponent g41
is close or equal to one (see [13,27]). Similar stability results have also been
established for the Euler equations for isentropic gas dynamics in Chen [4], which are
the limiting systems of the relativistic Euler equations as the light speed tends to
inﬁnity, whose results have been extended to the nonisentropic case in Chen–Frid–Li
[9], as well as Chen–Frid [8] by developing a theory for extended divergence-measure
ﬁelds. We also refer the reader to Dafermos [15] for the stability of Lipschitz
solutions for hyperbolic systems of conservation laws.
This paper is organized as follows. In Section 2, we discuss some basic properties
of system (1.1), its entropy functions and entropy solutions in LN-BVloc: In Section
3, we carefully analyze the global behavior of shock curves in the phase space and
special features of centered rarefaction waves in the physical space, and discuss the
behavior of Riemann solutions of (1.1). Then, in Section 4, we prove the uniqueness
of Riemann solutions in the class of entropy solutions in LN-BVloc with arbitrarily
large oscillation in the physical region. Then the uniqueness result yields the large-
time stability of Riemann solutions under L1-LN-BVloc initial perturbation. In
Section 5, we extend our analysis to deal with the uniqueness and stability of
Riemann solutions with vacuum in the class of entropy solutions in LN with large
oscillation for system (1.1) whose strict hyperbolicity fails at r ¼ 0 for the case
p0ð0Þ ¼ 0:
2. Relativistic Euler equations and entropy solutions
In this section we analyze some basic properties and introduce the notion of
entropy solutions for the relativistic Euler equations, which are in physically relevant
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region
V ¼ fU : 0prormax; jvjocg; ð2:1Þ
where rmax ¼ supfr : p0ðrÞpc2g; that is, the sonic speed should be less than the light
speed. For perfect gases governed by (1.5), rmax ¼N for g ¼ 1 and rmaxoN for
g41:
We rewrite system (1.1) as
@tu þ A@xu ¼ 0 ð2:2Þ
with
u ¼ ðr; vÞ?; A ¼ ðdUÞ1 dFðUÞ;
where
dU :¼ @ðU1; U2Þ
@ðr; vÞ ¼
U1r U1v
U2r U2v
 
and
dFðUÞ :¼ @ðF1ðUÞ; F2ðUÞÞ
@ðr; vÞ ¼
F1r F1v
F2r F2v
 
:
It is easy to see that the system is strictly hyperbolic inV and has the eigenvalues
l1ðuÞ ¼ c
2ðv  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp Þ
c2  v ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp ; l2ðuÞ ¼
c2ðv þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp Þ
c2 þ v ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp ;
and the corresponding right-eigenvectors
rjðuÞ ¼ ajðr; vÞ ð1Þ
j
c2  v2;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p0ðrÞp
p þ rc2
 !?
; j ¼ 1; 2;
where
ajðr; vÞ ¼ 2ðc
2 þ ð1Þ jþ1v ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp Þ2ðp þ rc2Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp
c2ðrp00ðrÞ þ 2p0ðrÞÞ þ pðrÞp00ðrÞ  2ðp0ðrÞÞ240; j ¼ 1; 2: ð2:3Þ
Both families of (1.1) are genuinely nonlinear, i.e., ruljðuÞ  rj ¼ 1; j ¼ 1; 2:
We also notice that, if we rewrite the system as
@tU þrFðUÞ@xU ¼ 0; ð2:4Þ
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where
rFðUÞ :¼ @ðF1ðUÞ; F2ðUÞÞ
@ðU1; U2Þ ¼
F1U1 F1U2
F2U1 F2U2
 
¼ dFðdUÞ1
¼
0 1
c4ðp0  v2Þ
c4  p0v2
2c2vðp0  c2Þ
c4  p0v2
0
@
1
A; ð2:5Þ
then the corresponding right-eigenvectors are
r˜j :¼ dU  rj ¼ ajðr; vÞ
c2ðc2  v2Þ2
ð1Þ jðc4 þ p0ðrÞv2Þ þ 2vc2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp
ð1Þ jðp0ðrÞ þ c2Þvc2 þ c2ðc2 þ v2Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp0ðrÞp
 !
; j ¼ 1; 2;
and
rljðUÞ  r˜j ¼ ruljðuÞðdUÞ1dU  rj ¼ ruljðuÞ  rj ¼ 1:
We recall that an entropy–entropy ﬂux pair for (1.7) is a pair of C1 functions
ðZ; qÞðUÞ satisfying
rZðUÞrFðUÞ ¼ rqðUÞ:
In particular, we choose the following entropy–entropy ﬂux pair ðZ; qÞðUÞ of (1.1):
ZðUÞ ¼ 
c3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  v2
p exp c2
Z r
1
ds
pðsÞ þ c2s
 
; qðUÞ ¼ ZðUÞv: ð2:6Þ
The original physical entropy–entropy ﬂux pair should be
ðZðUÞ þ c2U1; qðUÞ þ c2F1ðUÞÞ; ð2:7Þ
which has the same Hessian as ZðUÞ: As a connection to the nonrelativistic Euler
equations:
@trþ @xðrvÞ ¼ 0;
@tðrvÞ þ @xðrv2 þ pðrÞÞ ¼ 0;

ð2:8Þ
we ﬁnd that, as c-N; the physical entropy–entropy ﬂux pair (2.7) tends to the
mechanical energy–energy ﬂux pair of (2.8):
1
2
rv2 þ r
Z r
0
pðrÞ
r2
dx;
1
2
rv3 þ rv
Z r
0
p0ðrÞ
r
dr
 
:
A direct calculation yields
r2ZðUÞ ¼ a0ðr; vÞ
c2ðp0c2 þ v2c2 þ 2p0v2Þ ðc4 þ 2p0c2 þ p0v2Þv
ðc4 þ 2p0c2 þ p0v2Þv c4 þ 3p0v2
 
ð2:9Þ
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with
a0ðr; vÞ ¼
c5 exp c2
R r
1
ds
pðsÞþc2s
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  v2
p
ðc4  p0v2Þðp þ rc2Þ240: ð2:10Þ
Thus, ZðUÞ is strictly convex in U in any compact domain of V-fr40g:
Deﬁnition 2.1. A bounded measurable function Uðt; xÞ is an entropy solution
of (1.1) and (1.9) in PT :¼ ½0; TÞ  R if Uðt; xÞAV-fr40g satisﬁes the
following:
(i) Equations in (1.1) hold in the weak sense in PT ; i.e., for any fAC10ðPTÞ;Z
PT
ðU@tfþ FðUÞ@xfÞ dx dt þ
Z N
N
U0ðxÞfð0; xÞ dx ¼ 0: ð2:11Þ
(ii) The Lax entropy inequality holds in the sense of distributions in PT ; i.e., for any
nonnegative fAC10ðPTÞ;Z
PT
ðZðUÞ@tfþ qðUÞ@xfÞ dx dt þ
Z N
N
ZðU0ðxÞÞfð0; xÞ dxX0; ð2:12Þ
for any C2 convex entropy pair ðZðUÞ; qðUÞÞ:
The Rankine–Hugoniot conditions for any discontinuity with left state Uc and
right state Ur in the weak solutions deﬁned by (2.11) are
sðUr  UcÞ ¼ FðUrÞ  FðUcÞ; ð2:13Þ
where s is the speed of the discontinuity.
The Lax inequality (2.12) is equivalent to the Lax entropy conditions:
lj1ðUcÞosoljðUcÞ; ljðUrÞosoljþ1ðUrÞ;
for a j-shock wave, j ¼ 1; 2; with left state Uc and right state Ur; which corresponds
to the j-family of characteristic ﬁelds. Then, for a 1-shock wave with speed s; left
state Uc; and right state Ur;
l1ðUrÞosol1ðUcÞ;
and, for a 2-shock wave with speed s; left state Uc; and right state Ur;
l2ðUrÞosol2ðUcÞ:
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Concerning the existence of entropy solutions for the Cauchy problem (1.1) and
(1.9), we recall the following result of Chen [13] and Smoller–Temple [27] via the
Glimm scheme [19] for the case pðrÞ ¼ krg; gX1:
Theorem 2.1. LetKCV-fr40gCR2 be a compact set. Then there exists a constant
C040 independent of gX1 such that, if U0ðxÞAK for all xAR; U0ABVðRÞ; and
ðg 1ÞTVðU0ÞpC0oN;
then there exists a global entropy solution Uðt; xÞABV for the Cauchy problem ð1:1Þ
and ð1:9Þ:
The above theorem allows large oscillation of the initial data in BV as g is close or
equal to 1: For arbitrarily large LN initial data containing vacuum, the existence of
LN solutions for system (1.1) with general pressure law has been established in
Chen–LeFloch [10], by developing the ideas for dealing with the nonrelativistic Euler
equations for which the same existence theory was established earlier (see [12] for the
related references).
3. Riemann solutions and behavior of nonlinear waves
In this section, we analyze the global behavior of shock curves in the phase space
and special features of centered rarefaction waves in the physical plane for system
(1.1), which are essential to determine the uniqueness of Riemann solutions with
arbitrarily large oscillation in Section 4.
3.1. Shock curves
Given a state Uc; we consider possible states U that can be connected to state Uc
on the right by a shock wave. The Rankine–Hugoniot conditions for discontinuities
with speed s in the weak solutions for (1.1) is
s½U  ¼ ½F ; ð3:1Þ
where and in what follows we use the notation ½H :¼ Hr  Hc; where Hc and Hr are
the values of function H on the left- and right-hand sides of the discontinuity curve,
respectively.
If a barred coordinates ð%t; %xÞ moves with velocity t as measured in the unbarred
coordinates ðt; xÞ; and if v denotes the velocity of a particle as measured in the
unbarred frame, and %v denotes the velocity of a particle as measured in the barred
frame, then under the Lorentz transformation:
%x ¼ cx  cttﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
c2
q ; %t ¼ ct  tc xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
c2
q ;
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we have
v ¼ tþ %v
1þ t%v
c2
: ð3:2Þ
Thus we can always, without loss of generality, assume that the velocity state on the
left-hand side of the shock wave is vc ¼ 0: We denote by ðr; vÞ the state on the right-
hand side ðrr; vrÞ: The Lax entropy inequality and the Rankine–Hugoniot conditions
(3.1) imply that, on a 1-shock wave,
v ¼ c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðp  pcÞðr rcÞ
ðp þ rcc2Þðpc þ rc2Þ
s
; r4rc; ð3:3Þ
and, on a 2-shock wave,
v ¼ c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðp  pcÞðr rcÞ
ðp þ rcc2Þðpc þ rc2Þ
s
; rorc; ð3:4Þ
where pc ¼ pðrcÞ:
Proposition 3.1. Along any shock curve SjðUcÞ ð j ¼ 1; 2Þ; U ¼ UðsÞ satisfies
f00ðsÞ40 ð3:5Þ
for saljðUcÞ; j ¼ 1; 2; where
fðsÞ ¼ sðZðUðsÞÞ  ZðUcÞÞ  ðqðUðsÞÞ  qðUcÞÞ: ð3:6Þ
Proof. Differentiating the Rankine–Hugoniot conditions
sðUðsÞ  UcÞ ¼ FðUðsÞÞ  FðUcÞ
with respect to s; we have
U 0ðsÞ ¼ rFðUðsÞÞ  sIð Þ1ðUðsÞ  UcÞ: ð3:7Þ
Then using (3.7) yields
f0ðsÞ ¼ ZðUÞ  ZðUcÞ þ srZðUÞ  U 0ðsÞ  rqðUÞ  U 0ðsÞ
¼  aðUc; UÞ þ rZðUÞðsI rFÞU 0ðsÞ  rZðUÞðU  UcÞ
¼  aðUc; UÞ;
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where
aðU ; VÞ ¼ ZðUÞ  ZðVÞ  rZðVÞ  ðU  VÞ
is the relative entropy of Z; as ﬁrst introduced by Dafermos (cf. [15,17]).
Therefore, we have
f00ðsÞ ¼ U 0ðsÞ?r2ZðUðsÞÞðUc  UðsÞÞ: ð3:8Þ
We use (3.7) to obtain
f00ðsÞ ¼ ðUðsÞ  UcÞ?ððsI rFðUðsÞÞÞ1Þ?r2ZðUðsÞÞðUðsÞ  UcÞ: ð3:9Þ
Notice that
s ¼8
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðp  pcÞðpc þ rc2Þ
ðr rcÞðp þ rcc2Þ
s
; ð3:10Þ
where ‘‘’’ is for 1-shocks, and ‘‘þ’’ for 2-shocks.
We can employ (2.5), (2.9), and (2.10), and calculate to obtain
f00ðsÞ ¼ b0ðsÞððp þ rcc2Þ2v2ðs vÞ þ p0c4ðr rcÞ2ðs vÞ
þ 2p0vðp þ rcc2Þðr rcÞðc2  svÞÞ; ð3:11Þ
where
b0ðsÞ ¼
a0ðrðsÞ; vðsÞÞ
detðsI rFðUðsÞÞÞ:
The entropy conditions lead to
detðsI rFðUðsÞÞÞ ¼ ðs l1ðUðsÞÞÞðs l2ðUðsÞÞÞ
o0 for 1-shocks;
40 for 2-shocks:

Thus, b0ðsÞo0 for 1-shocks and b0ðsÞ40 for 2-shocks. Therefore, from (3.11), (3.5)
holds for both 1- and 2-shocks. &
3.2. Rarefaction waves
Given a state Uc; we consider possible states U that can be connected to state Uc
on the right by a centered rarefaction wave in the j-families, j ¼ 1; 2: Consider the
self-similar solutions UðxÞ; x ¼ x=t; of the Riemann problem (1.1) and (1.8). Then
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we have
x ¼ ljðUÞðxÞ; j ¼ 1; 2;
ðxI rFðUðxÞÞÞU 0ðxÞ ¼ 0;

with boundary condition:
UðljðUcÞÞ ¼ Uc;
and, on the j-family centered rarefaction waves,
@U
@x
¼ 1
t
dU
dx
¼ 1
t
r˜j U
x
t
  
; j ¼ 1; 2: ð3:12Þ
For a rarefaction wave Rðx=tÞ with right state Ur; denoting
wj ¼ c
2
ln
c þ v
c  v
 
þ ð1Þ jþ1c2
Z r
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p0ðsÞp
pðsÞ þ c2s ds; j ¼ 1; 2;
with w1ðUcÞ  w2ðUrÞ40; one has
w1ðUcÞpw1ðRðx=tÞÞpw1ðUrÞ; w2ðUcÞpw2ðRðx=tÞÞpw2ðUrÞ;
w1ðRðx=tÞÞ  w2ðRðx=tÞÞ40:

3.3. Solvability
For the Riemann problem (1.7) and (1.8), we have
Lemma 3.1. Given the states UL and UR; there exists a unique global Riemann solution
in the class of self-similar piecewise smooth solutions consisting of shocks and
rarefaction waves, provided that the Riemann data satisfies
ln
ðc þ vRÞðc  vLÞ
ðc  vRÞðc þ vLÞ
 
o2c min
Z rL
0
þ
Z rR
0
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p0ðsÞp
pðsÞ þ c2s ds;
Z rmax
rL
þ
Z rmax
rR
 ! ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p0ðsÞp
pðsÞ þ c2s ds
 !
; ð3:13Þ
where rmax is defined in ð2:1Þ:
The proof of Lemma 3.1 can be found in [13,27].
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Remark 3.1. When c-þN; (3.13) becomes
vR  vLo
2k
ﬃﬃ
g
p
g 1 r
g1
2
L þ r
g1
2
R
 !
;
for pðrÞ ¼ k2rg; g41; and vR  vLoN for g ¼ 1 which has no restriction.
4. Large-time stability of Riemann solutions with large oscillation
In this section we prove the uniqueness of entropy solutions of the Riemann
problem (1.1) and (1.8). Without loss of generality, we assume that the Riemann
solution has the following generic form
Rðx=tÞ ¼
UL; x=tos1;
UM ; s1ox=tol2ðUMÞ;
R2ðx=tÞ; l2ðUMÞox=tol2ðURÞ;
UR; x=tXl2ðURÞ;
8>><
>>:
ð4:1Þ
where s1 ¼ s1ðUL; UMÞ is the shock speed, determined by (3.1), and R2ðxÞ is the
solution of the boundary value problem
dR2ðxÞ
dx
¼ r2ðR2ðxÞÞ; xol2ðURÞ;
R2ðl2ðURÞÞ ¼ UR:
8<
: ð4:2Þ
The 1-shock wave connecting UL and UM satisﬁes the entropy condition:
l1ðUMÞosol1ðULÞ: The state UM is also completely determined by the shock
curve formula (3.3) and (4.2).
We use the concept of generalized characteristics introduced by Dafermos (cf. [14])
to deal with shock waves. A generalized j-characteristic associated with a solution
Uðt; xÞALN-BVloc of (1.1) is deﬁned as a trajectory of the equation
’xðtÞ ¼ ljðUðt; xðtÞÞÞ; ð4:3Þ
where (4.3) is understood in the sense of Filippov [18]. This means that a generalized
j-characteristic is a Lipschitz continuous curve ðt; xðtÞÞ whose speed of propagation
’xðtÞ satisﬁes
’xðtÞA½mxfljðUðt; xðtÞÞÞg; MxfljðUðt; xðtÞÞÞg; ð4:4Þ
where mxfljðUðt; xðtÞÞÞg and MxfljðUðt; xðtÞÞÞg denote the essential minimum and
the essential maximum of ljðUðt; ÞÞ at the point xðtÞ; respectively. As indicated by
Filippov [18], among all solutions of (4.3) passing through a point ðt0; x0Þ; there is an
upper solution %xðtÞ and a lower solution
%
xðtÞ; that is, the solutions of (4.3) such that
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any other solution xðtÞ of (4.3) satisﬁes the inequality
%
xðtÞpxðtÞp %xðtÞ: The lower
and upper solutions, for t4t0; are called the minimal and maximal forward j-
characteristics, respectively. An important feature about solutions in LN-BVloc for
conservation laws is that, given any generalized i-characteristic xðtÞ; it must
propagate either with shock speed or with characteristic speed (cf. [14]), which allows
to treat ðt; xðtÞÞ simply as a shock curve of Uðt; xÞ in the ðt; xÞ-plane.
Lemma 4.1 (DiPerna [17]). Let ð1:7Þ be an m  m strictly hyperbolic system endowed
with a strictly convex entropy. Suppose that Uðt; xÞALN-BVlocðPTÞ is an entropy
solution of ð1:7Þ and ð1:8Þ in PT : Let xmmaxðtÞ denote the maximal forward m-
characteristic through ð0; 0Þ: Let x1minðtÞ denote the minimal forward 1-characteristic
passing through ð0; 0Þ: Then Uðt; xÞ ¼ UL; for a.e. ðt; xÞ with xox1minðtÞ; 0ptoT ; and
Uðt; xÞ ¼ UR; for a.e. ðt; xÞ with x4xmmaxðtÞ; 0ptoT :
We ﬁrst state and prove our uniqueness result.
Theorem 4.1. Let Uðt; xÞALN-BVlocðPT ;V-fr40gÞ be an entropy solution of
ð1:1Þ and ð1:8Þ in PT : Then Uðt; xÞ ¼ Rðx=tÞ; a.e. in PT :
Proof. Step 1: Motivated by [17], we consider the auxiliary function in PT :
U˜ðt; xÞ ¼
UL; xoxðtÞ;
UM ; xðtÞoxomaxfxðtÞ; s1tg;
Rðx=tÞ; x4maxfxðtÞ; s1tg;
8><
>:
where xðtÞ is the minimal 1-characteristic of Uðt; xÞ; and x ¼ s1t is the line of 1-
shock discontinuity in Rðx=tÞ: Motivated by a procedure introduced by Dafermos
(cf. [15,17]), we identify a Lyapunov functional through the following relative
entropy–entropy ﬂux pairs obtained from ðZ; qÞ:
aðU ; U˜Þ :¼ ZðUÞ  ZðU˜Þ  rZðU˜Þ  ðU  U˜Þ; ð4:5Þ
bðU ; U˜Þ :¼ qðUÞ  qðU˜Þ  rZðU˜Þ  ðFðUÞ  FðU˜ÞÞ: ð4:6Þ
Consider the measures on PT :
m :¼ @taðUðt; xÞ; U˜ðt; xÞÞ þ @xbðUðt; xÞ; U˜ðt; xÞÞ;
n :¼ @tZðUðt; xÞÞ þ @xqðUðt; xÞÞ; ðt; xÞAPT :
Then our problem reduces to analyzing the measure m over the region, where the
Riemann solution is a rarefaction wave, and over the curve ðt; xðtÞÞ; which for
simplicity may be taken as the jump set of U˜ðt; xÞ:
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Step 2: Set
O2 ¼ fðt; xÞ : l2ðUMÞox=tol2ðURÞ; t40g;
the rarefaction wave region of the Riemann solution. Over this region, U˜ ¼ %U :¼
Rðx=tÞ; and m satisﬁes
m ¼ @taðU ; %UÞ þ @xbðU ; %UÞ
¼ @tZðUÞ þ @xqðUÞ  r2Zð %UÞð@t %U; U  %UÞ  r2Zð %UÞð@x %U; FðUÞ  Fð %UÞÞ
¼ nr2Zð %UÞð@x %U; QFðU ; %UÞÞ; ð4:7Þ
where we used the fact that r2ZrF is symmetric, and QFðU ; %UÞ ¼ FðUÞ  Fð %UÞ 
rFð %UÞðU  %UÞ is the quadratic part of F at %U: Since
@ %Uðt; xÞ
@x
¼ 1
t
r˜2ð %Uðt; xÞÞ; for ðt; xÞAO2;
then, by (4.7), for any Borel set ECO2; we have
mðEÞ ¼ nðEÞ 
Z
E
1
t
r˜2ð %UÞ?r2Zð %UÞQFðU ; %UÞ dx dt: ð4:8Þ
A careful direct calculation yields
r˜2ð %UÞ?r2Zð %UÞ ¼ a0ð %r; %vÞa2ð %r; %vÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
%p0ðc4  %p0 %v2Þ
p
c2ðc2  %v2Þ ðc
2ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
%p0  %v
p
Þ; c2  %v
ﬃﬃﬃﬃ
%p0
p
Þ ð4:9Þ
and
QFðU ; %UÞ ¼ 0
Y
 
; ð4:10Þ
where a0ðr; vÞ is deﬁned in (2.10), a2ðr; vÞ is deﬁned in (2.3), %p ¼ pð %rÞ; %p0 ¼ p0ð %rÞ; and
Y ¼ c
2
ðc4  %p0 %v2Þðc2  v2Þ
 ððc2  v2Þðc2  %v2Þðp  %p  %p0ðr %rÞÞ þ ðv  %vÞ2ðc2  %p0Þðp þ rc2ÞÞ:
From (4.9) and (4.10), we have
h2 :¼ r˜2ð %UÞ?r2Zð %UÞQFðU ; %UÞX0; ð4:11Þ
which implies from (4.8) that
mðO2Þp0:
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Step 3: Using the Gauss–Green formula for BV functions and the ﬁniteness of
propagation speeds of the solutions, we have
mfPtg ¼
Z N
N
aðUðt; xÞ; U˜ðt; xÞÞ dx: ð4:12Þ
On the other hand, since m reduces to the measure n on the open sets where U˜ is a
constant, and U˜ðt; xÞ ¼ %Uðt; xÞ over %O2;
mfPtg ¼ mfLtg þ mf %O2ðtÞg þ nfPt  ðLt, %O2ðtÞÞg; ð4:13Þ
where Lt ¼ fðxðsÞ; sÞ : 0psotg:
Hence, it sufﬁces to show
mfLtgp0: ð4:14Þ
Step 4: Thus, we consider the functional
Dðs; Ur; Uc; U˜r; U˜cÞ :¼ s½aðU ; U˜Þ  ½bðU ; U˜Þ:
We will prove that
Dðs; Ur; Uc; U˜r; U˜cÞX0; ð4:15Þ
if Uc; Ur are connected by a 1-shock of speed s ¼ x0ðtÞ; and U˜c; U˜r are connected by
a 1-shock of speed %s; and also Uc ¼ U˜c: Using Lemma 4.1, it is then clear that (4.15)
immediately implies (4.14). Thus, when Uc ¼ U˜c; an easy calculation shows that
Dðs; Ur; Uc; U˜r; U˜cÞ ¼ dðs; Ur; UcÞ  dð %s; U˜r; UcÞ þ ðs %sÞaðUc; U˜rÞ; ð4:16Þ
where dðs; Ur; UcÞ :¼ s½ZðUÞ  ½qðUÞ and ðZ; qÞ ¼ ðZ; qÞ is the entropy pair in
(2.6).
From the Rankine–Hugoniot relation (2.13), we may view the state Ur connected
on the right by a 1-shock to a state Uc as parametrized by the shock speed s; with
spl1ðUÞ: So we set Ur ¼ UðsÞ; U˜r ¼ Uð %sÞ; and let fðsÞ ¼ dðs; Ur; UcÞ: Then,
from (4.16) and (3.7), we have
Dðs; Ur; Uc; U˜r; U˜cÞ ¼ fðsÞ  fð %sÞ  f0ð %sÞðs %sÞ :¼ GðsÞ: ð4:17Þ
Step 5: We now show that
GðsÞX0:
Using Proposition 3.1, we have
G00ðsÞ ¼ f00ðsÞ40:
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If sp %s; then
G0ðsÞpG0ð %sÞ ¼ 0;
and hence
GðsÞXGð %sÞ ¼ 0:
It is easy to notice that GðsÞX0 also holds for the case s4 %s:
Step 6: Now, by (4.12), we conclude that Uðt; xÞ ¼ U˜ðt; xÞ; a.e. in PT : In
particular, U˜ðt; xÞ is an entropy solution of (1.1) and (1.8), and then the Rankine–
Hugoniot conditions (2.13) imply that U˜ðt; xÞ must coincide with the classical
Riemann solution %Uðt; xÞ: This concludes the proof. &
With the aid of the framework established in Chen–Frid [5,7], the uniqueness
result (Theorem 4.1) yields the large-time stability of entropy solutions satisfying
(1.11).
Theorem 4.2. Any Riemann solution of system ð1:1Þ with arbitrarily large Riemann
initial data ð1:8Þ is large-time asymptotically stable in the sense of ð1:10Þ in the class of
entropy solutions of ð1:1Þ with arbitrarily large initial perturbation ð1:9Þ and satisfying
ð1:11Þ:
5. Global stability of Riemann solutions with vacuum
In this section we analyze the global stability of Riemann solutions containing
rarefaction waves and vacuum states in the class of entropy solutions in LN with
vacuum when
pð0Þ ¼ p0ð0Þ ¼ 0:
Rarefaction waves are the only case that may produce a vacuum state later in the
Riemann solutions when the Riemann initial data stays away from the vacuum.
In Section 4, we have discussed the large-time stability of the Riemann problem
(1.1) and (1.8). Now we show the global stability of rarefaction waves and vacuum
states of the Cauchy problem of (1.1) and (1.9) in the following broader class of
entropy solutions containing vacuum states.
Deﬁnition 5.1. A bounded measurable function Uðt; xÞAV is an entropy solution of
(1.1) and (1.9) in PT :¼ ½0; TÞ  R if Uðt; xÞ satisﬁes the following.
(i) Equations in (1.1) hold in the weak sense in PT ; i.e., for all fAC10ðPTÞ;Z
PT
ðU@tfþ FðUÞ@xfÞ dx dt þ
Z N
N
U0ðxÞfð0; xÞ dx ¼ 0: ð5:1Þ
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(ii) The Lax inequality holds in the sense of distributions in PT ; i.e., for all
nonnegative fAC10ðPTÞ;Z
PT
ðZðUÞ@tfþ qðUÞ@xfÞ dx dt þ
Z N
N
ZðU0ðxÞÞfð0; xÞ dxX0; ð5:2Þ
where ðZðUÞ; qðUÞÞ is deﬁned in (2.6).
Note that an entropy solution in this broad class is required to satisfy solely the
Lax entropy inequality (2.6) by the physical entropy, rather than all convex
mathematical entropies as required in Deﬁnition 2.1.
Then we have the following stability theorem.
Theorem 5.1. Let Rðx=tÞ be the Riemann solution of ð1:1Þ and ð1:8Þ; consisting of one
or two rarefaction waves, constant states, and possible vacuum states. Let Uðt; xÞ be
any entropy solution of ð1:1Þ and ð1:9Þ in the sense of Definition 5:1: Then, for any
L40; Z
jxjpL
aðU ; RÞðt; xÞ dxp
Z
jxjpLþKt
aðU0; R0ÞðxÞ dx; ð5:3Þ
where K40 is independent of t; and
aðU ; RÞ  ðU  RÞ?
Z 1
0
r2ZðR þ tðU  RÞÞ dt
 
ðU  RÞ40;
if UaR and both are away from the vacuum.
In particular, if U0ðxÞ ¼ R0ðxÞ a.e., then Uðt; xÞ ¼ Rðx=tÞ a.e.
The proof is based on normal traces and the Gauss–Green formula for divergence-
measure vector ﬁelds in LN; established in [6], and the techniques developed in [4,5]
and Section 4.
Proof. Without loss of generality, we assume that the Riemann solution has the
following form
Rðx=tÞ ¼
UL; x=tol1ðULÞ;
R1ðx=tÞ; l1ðULÞox=tovc1 ;
vacuum; vc1ox=tovc2 ;
R2ðx=tÞ; vc2ox=tol2ðURÞ;
UR; x=tXl2ðURÞ:
8>>><
>>>>:
Denote %U ¼ Rðx=tÞ: We consider
m ¼ @taðUðt; xÞ; %Uðt; xÞÞ þ @xbðUðt; xÞ; %Uðt; xÞÞ; n ¼ @tZðUðt; xÞÞ þ @xqðUðt; xÞÞ:
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Since Uðt; xÞ is an entropy solution, np0; and mp0 in any region in which Rðx=tÞ is
constant, in the sense of distributions. Then m and n are Radon measures, and
ðqðUðt; xÞÞ; ZðUðt; xÞÞÞ and ðbðUðt; xÞ; %Uðt; xÞÞ; aðUðt; xÞ; %Uðt; xÞÞÞ are divergence-
measure vector ﬁelds on R2þ:
Set
O1 :¼ fðt; xÞ : l1ðULÞox=tovc1 ; t40g;
O2 :¼ fðt; xÞ : vc2ox=tol2ðURÞ; t40g
the rarefaction wave regions of the Riemann solution, and
O0 :¼ fðt; xÞ : vc1ox=tovc2 ; t40g ð5:4Þ
the vacuum region.
Over the rarefaction wave regions Oj; j ¼ 1; 2; as in Step 2 of the proof of
Theorem 4.1, we conclude that, for any Borel set ECOj; j ¼ 1; 2;
mðEÞ ¼ nðEÞ 
Z
E
1
t
r˜jð %UÞ?r2Zð %UÞQFðU ; %UÞðt; xÞ dx dt: ð5:5Þ
Over the vacuum region O0; %rðt; xÞ ¼ 0; we may choose the velocity
%vðt; xÞ ¼ x=t; vc1ox=tovc2 :
Then a careful calculation as before yields
mpn 1
t
a3
ðc2  v2Þ2ðc2  %v2Þ3=2
ððc2  v2Þðc2  %v2ÞpðrÞ þ c2ðv  %vÞ2ðp þ c2rÞÞ;
where
a3 ¼ 2c5 lim inf
r-0
p0ðrÞ
rp00ðrÞ þ 2p0ðrÞX0:
This implies that, for any Borel set ECO0;
mðEÞp nðEÞ 
Z
E
1
t
a3
ðc2  v2Þ2ðc3  %v2Þ3=2
 ððc2  v2Þðc2  %v2ÞpðrÞ þ c2ðv  %vÞ2ðp þ c2rÞÞ dx dtp0: ð5:6Þ
Moreover, for any d40; denote
cd1ðtÞ ¼ fx=s ¼ l1ðULÞ; dosotg; cd2ðtÞ ¼ fx=s ¼ vc1 ; dosotg;
cd3ðtÞ ¼ fx=s ¼ vc2 ; dosotg; cd4ðtÞ ¼ fx=s ¼ l2ðURÞ; dosotg:
ARTICLE IN PRESS
G.-Q. Chen, Y. Li / J. Differential Equations 202 (2004) 332–353350
Then
mfcdj ðtÞgpnfcdj ðtÞgp0; j ¼ 1; 2; 3; 4: ð5:7Þ
For any L40; let PdL;t denote the region fðs; xÞ : jxjoL þ Kðt  sÞ; 0odosotg
and Odj ðtÞ ¼ Oj-PdL;t; OjðtÞ ¼ Oj-fðs; xÞ : 0osotg; j ¼ 0; 1; 2; where
KXK0 :¼ jjbðU ; %UÞ=aðU ; %UÞjjLNðR2þÞ:
On one hand, by the entropy inequality (5.2), the Gauss–Green formula for
divergence-measure vector ﬁelds in [6], and the convexity of ZðUÞ in U ; we use the
argument as in [6,11] to deduce that any entropy solution deﬁned in Deﬁnition 5.1
assumes its initial data U0ðxÞ strongly in L1loc:
lim
t-0
Z
jxjpL
jUðt; xÞ  U0ðxÞj dx ¼ 0 for any L40: ð5:8Þ
Furthermore, we apply normal traces and the Gauss–Green formula for divergence-
measure vector ﬁelds in [6] to conclude again
mfPdt;Lg ¼
Z
jxjpL
aðUðt; xÞ; %Uðx=tÞÞ dx 
Z
jxjpLþKðtdÞ
aðUðd; xÞ; %Uðx=dÞÞ dx
þ
Z
@Pdt;L
ðb; aÞ  n ds;
where n is the unit outward normal ﬁeld and s is the boundary measure. Then we can
choose KXK0 such that
R
@Pdt;L
ðb; aÞ  n dsX0: Therefore, we have
mfPdt;LgX
Z
jxjpL
aðUðt; xÞ; %Uðx=tÞÞ dx 
Z
jxjpLþKðtdÞ
aðUðd; xÞ; %Uðx=dÞÞ dx: ð5:9Þ
On the other hand, since %Uðx=tÞ is constant in each component of Pt 
S2
j¼0 O
d
j ðtÞ S4
j¼1 c
d
j ðtÞ and np0; we have
mfPdt;Lgp
X2
j¼1
Z
Odj ðtÞ
1
s
r˜jð %UÞ?r2Zð %UÞQFðU ; %UÞðs; xÞ dx ds; ð5:10Þ
from (5.5), (5.6), and (5.7).
As calculated in (4.9) and (4.10), we have
hjðs; xÞ :¼ r˜jð %UÞ?r2Zð %UÞQFðU ; %UÞðs; xÞX0; ð5:11Þ
for j ¼ 1; 2; since pðrÞ is convex in rX0: This fact in combination with (5.9) and
(5.10) yieldsZ
jxjpL
aðUðt; xÞ; %Uðx=tÞÞ dxp
Z
jxjpLþKðtdÞ
aðUðd; xÞ; %Uðx=dÞÞ dx: ð5:12Þ
Then (5.8) and (5.12) imply (5.3) as d-0: This completes the proof. &
As a corollary, the following stability theorem holds.
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Theorem 5.2. Let Rðx=tÞ be the Riemann solution of ð1:1Þ and ð1:8Þ; consisting of one
or two rarefaction waves, constant states, and possible vacuum states. Let Uðt; xÞ be
any entropy solution of ð1:1Þ and ð1:9Þ in the sense of Definition 5:1: Then Rðx=tÞ is
asymptotically stable under the initial perturbation P0AL1-LN in the sense of
lim
t-N
Z
jxjpL
aðUðt; xtÞ; RðxÞÞ dx ¼ 0 for any L40:
As in [23], we can also obtain the stability of Lipschitz solutions with
discontinuous initial data containing vacuum states for system (1.1).
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